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1. Introduction. 

(N 

In classical differential geometry, there are a lot of studies on Bertrand and Mannheim curves. 

o ■ 

Many interesting results on Bertrand and Mannheim curves have been obtained by many math- 
ematicians ( see [2,7,8,9,10,11,13] ). We can see in most studies, a characteristic property of 
Bertrand and Mannheim curves which asserts the existence of a lineer relation between curvature 
and torsions. There are a lot of works on Bertrand curves but there are rather a few works on 
' Mannheim curves. 

In this study, we have done a study about some special curves in Galilean and Pseudo - Galilean 
space. However, to the best of author's knowledge, Mannheim curves has not been presented 
Galilean and Pseudo - Galilean space in depth. Thus, the study is proposed to serve such a need. 

Our study is organized as follows. In secion 2, some fundamental 

properties of Galilean and Pseudo - Galilean space are given which will be used in the later 
sections. In section 3, we give some characterizations of Mannheim curves in Galilean space. We 
also give some properties of Mannheim curves in Pseudo - Galilean space in section 4. 

2. Basic notions and properties 

The Galilean space is a three dimensional complex projective space P3 in which the absolute 
figure {w, /, ii, 22} consists of a real plane w (the absolute plane), a real line / C w (the absolute 
line) and two complex conjugate points Ji,/2 G / (the absolute points). 
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We shall take, as a real model of the space G3 , a real projective space P3 with the absolute 
{to,/} consisting of a real plane w C G3 and a real line / C w on which an elliptic involution e 
has been defined. We introduce homogeneous coordinates in G3 in such a way that the absolute 
plane w is given by x = 0, the absolute line / by xo = x\ — and elliptic involution by 
(x : x\ : x 2 : £3) — (1 : x : y : z), the distance between the points Pi = (xi,yi,Zi), i = 1,2, is 
defined by 

r |x 2 -zi|, if x x ^x 2 
d{P 1 ,P 2 ) = { 

V (2/2 - yi) 2 + (z2 - 2l) 2 i/ Xi = X 2 
Let a be a curve in G 3 , defined by arclength a : I — > G 3 and parametrized by the invariant 
parameter s G 7 , given in the coordinate form 

Then the curvature k(s) and the torsion r(s) are defined by 



= y/y'^W + z" 2 ^) 
_ det(a , (g), a" (3), a"'{s)) 

and associated moving trihedron is given by 

T(s) = a'(s) = (1, y/(s), z'(s)) 

N(s) = ^(s) = ^(0, y"(s), z»(s)) 

B(s) = J-( ,-*», !,"(*)). 

The vectors T, iV, i? are called the vectors of the tangent, principal normal and binormal line 
of a, respectively. For their derivatives the following Frenet formulas hold 

T'(s) = k(s)N(s) 

N'(s) = t(s)B(s) (2.1) 
B'(s) = -t(s)N(s). 

More about the Galilean geometry can be foun in [12]. 

The Pseudo-Galilean geometry is one of the real Cayley-Klein geometries 
(of projective signature (0,0,+,—), explained in [3]. The absolute of the Pseudo-Galilean ge- 
ometry is an ordered triple {w, /, 1} where w is the ideal (absolute) plane, / is line in w and I is 
the fixed hyperbolic involution of points of /. 

As in [3], Pseudo-Galilean scalar product can be written as 
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(vi,v 2 ) = 



x\x 2 if x\ 7^ V x 2 ^ 

V1V2 - z\z 2 if xi = A x 2 = 
where t>i = {xi,yuZ\), v 2 = (x 2 ,y 2 ,z 2 ). 

It leaves invariant the Pseudo-Galilean norm of the vector v = (x, y, z) defined by 

x, x 7^ 

\J\y~ 1 - z 2 \, x = o. 

A vector v = (x, y, z) is said to be non-isotropic if 

x 7^ 0. All unit non-isotropic vectors are the form (l,y, z). For isotropic 

vectors x = holds. There arc four types of isotropic vectors: spacelike 
(y 2 — z 2 > 0), timclikc (y 2 — z 2 < 0) and two types of lightlikc (y = ±z) 
vectors. A non- lightlike isotropic vector is a unit vector if y 2 — z 2 = ±1. 

Let a : I — > Gg, I C K be a curve given by 

a(t) - (x{t),y(t),z(t)), 

where x(t),y(t), z(t) £ C 3 (the set of three times continuosly differentiable functions) and t run 
through a real interval [3] . 

A curve a(t) in G\ is said to be admissible curve if x'(t) ^ [3]. 

The curves in G\ are characterized as follows [4,5] 

Type I: Let a be an admissible curve in G\, parametrized by arclength t — s, given in 
coordinate form 

a{s) = (s, y{s), z{s)). 
Then the curvature n a (s) and the torsion r Q (s) are defined by 



and associated moving trihedron is given by 



n a (s) = yj\y" a ( 3 )-z" a (s)\ 

det(a'(s), a"(s), a"'{s)) 



T a (s) = a'(s) = (1, yf(s), z'(s)) 
B a (s) = -\-(0, z"(s), y"(s)). 
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The vectors T a , N a , B a are called the vectors of the tangent, 
principal normal and binormal line of a, respectively. For their derivatives the 
following Frenet formulas hold 

T^(s) = K a (s)N a (s) 

K(*) = r a {s)B a (s) (2.2) 
B' a {s) = r a (s)N a (s) 

Type II: Let /? be an admissible curve in G\, parametrized by arclength s, given in coordinate 
form 

/?(*) = (s,2/(s),0). 
Then the curvature Kp{s) and the torsion Tp(s) arc defined by 



nfi(s) = y"{s) 

Tf){s) = 



a' 2 {s) 



03(5) 

and associated moving trihedron is given by 

Tp(s) = (1, yr(s), 0), 
Np(s) = (0, a 2 (s), 03(a)), 
Bp(s) = (0, a 3 (s), a 2 (s)). 

where, y, 0,2, a% e C°°, seRM. 

The vectors Tp, Np, Bp are called the vectors of the tangent, principal normal and binormal 
line of /?, respectively. For their derivatives the following Frenet's formulas hold 

T'p(s) = ^(s)(cosh^( S )^(s)-sinh^(s)^(s)), 

N'p(s) = rp(s)Bp(s), (2.3) 
B'p(s) - Tp(s)Np(s), 

where 4>(s) is the angle between a(s) — (0,a 2 (s), a 3 (s)) and the plane z = 0. 

3. Mannheim Curves in Galilean Space 

Definition 3.1. Let a and a\ be curves in 3-dimensional Galilean space G 3 . If there exists 
a corresponding relationship between the space curves a and at\ such that, at the corresponding 
points of the curves, the principal normal lines of a coincides with the binormal lines of ot\, then 
a is called a Mannheim curve and ot\ is called a Mannheim partner curve of a. The pair {a, a\} 
is said to be a Mannheim pair. [6] 
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Remark 3.2. Let a be a curve in Galilean space G3. Then a is Mannheim curve if and only if its 
curvature n a and torsion r Q satisfy the relation 

n a = CT 2 a for some constant c. [10] 

Theorem 3.3. Let a be a Mannheim curve in Galilean space G3. Then a.\ is the Mannheim 
partner curve of a. Then the curvature K\ and the torsion n of a\ satisfy the following equation 

-'i = y(A 2 r 1 + l) (3.1) 

for some nonzero constant A. 

Proof. Suppose that a(s) is a Mannheim curve in Galilean space G3. Then we can write 

a(si)=ai(si) + A(«i)Bi(*i) (3.2) 

for some function A(si). By taking derivative of (3.2) with respect to s\ and using the Frenet 
equations in Galilean space G3, we get 

ds ' 

T— =T 1 + XB 1 -XtiN 1 . (3.3) 
dsi 



Since B\ is coincident with N, we obtain 

A(si) = 

that means that A is nonzero constant. Thus, we have 



On the other hand we have 



(7s 

T^- = T 1 -\t 1 N 1 . (3.4) 
asi 



T = T lC os0 + N lS m9 (3.5) 



where is the angle between T and T\ at the corresponding points of a and a.\. Differentiating of 
(3.5) with respect to s\, we get 



ds ' - r 

kN— = -T16 sin9 + mNxCOsO + N x cos 9 + T1B1 sin 9 
ds\ 

ds 1 1 

kN— = -T^ sm9 + N 1 (K 1 +9)cose + T 1 B 1 sm9. (3.6) 
dsi 



Since {a, ai} is a Mannheim pair, we obtain 

Ki + 9 = 
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and therefore we have 



e' = -K!. (3.7) 

From 

(3.4) and (3.5), we find that 

An = -tan0. (3.8) 
By taking derivative of this last equation and applying (3.7), we obtain 

Xt[ = -e\l + tan 2 6>). (3.9) 
If we consider (3.7) and (3.8) in (3.9), we get 

T l = — (A T t + 1). 

Hence the proof is completed. 

Proposition 3.4. Let a be a Mannheim curve in Galilean space G3 and a.\ be the Mannheim 
partner curve of a. If a is a generalized helix, then ol\ is a planar curve. 

Proof. Let T, N, B the tangent , principal normal and binormal vector field of the curve a, 
respectively. From the properties of generalized helix and the definition of Mannheim curves in 
Galilean space G3, we have 

k < N,P >= 

and 

k < B\, P >= 

for a constant direction P in Galilean space G3. Then it is easy to obtain that n = 0. 

4. Mannheim Curves in Pseudo - Galilean Space 

Definition 4.1. Let a and ot\ be an admissible curves defined in type I with nonzero n a , r Q , 
s G I in Pseudo - Galilean space and {T a , N ai B a } and {T ai , iV ai , B ai } be Frenet frame in Pseudo 
- Galilean space G\ along a and a\, respectively. If there exists a corresponding reletionship 
between the admissible curves a and ot\ such that, at the corresponding points of the admissible 
curves, principal normal lines N a of a coincides with the binormal lines B ai of a\, then a is called 
an admissible Mannheim curves and a\ is called an admissible Mannheim partner curve of a. The 
pair {a,ai} is said to be an admissible Mannheim pair in Pseudo - Galilean space G\. [1] 
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Theorem 4.2. Let a an admissible curve defined in Type I in Pseudo - Galilean space G\. 
Then a is an admissible Mannheim curve if and only if its curvature n a and torsion r Q satisfy the 
relation for some constant c. 

Proof. Let a = a(s) be an admissible Mannheim curve. Let us denote by {T ai N ai B a } the 
Frenet frame field of a. 

Assume that ct\ = ai(si) is an admissible curve whose binormal 
direction coincides with the principal normal of a. Namely let us denote by {T ai , N ai , B ai } the 
Frenet frame field of a\. Then B ai (si) — ± N a (s). 

The curve a\ is parametrized by arclength s as 

ai(s) = a(s) + \(s)N a (s) (4.1) 

for some function A(s) ^ 0. Differentiating (4.1) with respect to s, we find 

+ \'N a + \ Ta B a . (4.2) 

Since the binormal direction of Q\ coincides with the principal normal of a, we have A' = 0. Hence 
A is constant. The second derivative a x with respect to s is 

a[ = ( Ka + \T 2 a )N a + \r' a B a . (4.3) 

Since N a is in the binormal direction of a\, we have 

K a + Xr 2 a = 0. 

Conversely, let a be an admissible curve. Then the curve 

ai(s) = a(s) + XN a (s) 

has binormal direction N a . 

Theorem 4.3. Let (3 an admissible curve defined in Type II in Pseudo - Galilean space G\. 
Then j3 is an admissible Mannheim curve if and only if its curvature up and torsion Tp satisfy the 
relation up = co ~^ r| for some constant c. 

Proof. If we consider equations (2.3) and proof of the Theorem 4.2. we can prove the theorem 
easily. 

Theorem 4.4. Let a be an admissible Mannheim curve defined by Type I in Pseudo - Galilean 
space G\. Then ct\ is the admissible Mannheim partner curve of a. Then the curvature n\ and the 
torsion n of a\ satisfy the following equation 

r ; = ^ {X \\ 1) (4.4) 
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for some nonzero constant A. 

Proof. It is similar to proof of theorem 3.3. 

Remark 4.5. By a simple parameter transformation, the condition 

r[ = ^(AV? - 1) 

can be written as 

ri = — — tan(e / Kids + co). 

Therefore, for each an admissible Mannheim curve in Pseudo - Galilean space G\, there is an 
unique Mannheim partner curve. 

This reality is true for Mannheim curve in Galilean space G3. 

Proposition 4.6.. Let a be an admissible Mannheim curve in Pseudo - Galilean space G\ and 
ot\ be the admissible Mannheim partner curve of a. If a is a generalized helix, then u\ is a planar 
curve. 

Proof. Let T, N, B the tangent , principal normal and binormal vector field of the curve a, 
respectively. From the properties of generalized helix and the definition of admissible Mannheim 
curves in Pseudo - Galilean space G\, we have 

K < N, P >= 

and 

k<B u P>=0 

for a constant direction P in Pseudo - Galilean space G\. Then it is easy to obtain that t\ = 0. 
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